Abstract. In this paper, we study the problem of determining set-theoretic and ideal-theoretic complete intersection monomial curves in affine and projective n-space. Starting with a monomial curve which is a set-theoretic (resp. ideal-theoretic) complete intersection in (n − 1)-space we produce infinitely many new examples of monomial curves that are set-theoretic (resp. idealtheoretic) complete intersections in n-space. By using this method, among many other results, we obtain a family of monomial curves in P n that are set-theoretic complete intersections.
Introduction
It is well known that a variety in the (affine and projective) n-space can be written as the intersection of n hypersurfaces set theoretically (see [7] ). So, it is natural to ask the minimal number of hypersurfaces needed to define a variety. Although some curves in the n-space has been defined minimally as the intersection of n − 1 hypersurfaces, the question is open even for curves. A curve in the n-space which is the intersection of n − 1 hypersurfaces is called set-theoretic complete intersection (s.t.c.i.). In other words, a curve C is called a s.t.c.i. if its defining ideal I(C) is the radical of an ideal generated by n − 1 polynomials, i.e. I(C) = Rad(f 1 , ..., f n−1 ). If moreover, its defining ideal is generated by n − 1 polynomials, i.e. I(C) = (f 1 , ..., f n−1 ), the curve C is called an ideal theoretic complete intersection (i.t.c.i.). Determining (set-theoretic and ideal-theoretic) complete intersection curves is a classical and longstanding problem in algebraic geometry. Even more difficult is to give explicitly the equations of the hypersurfaces involved. Restricting our attention to a special class of curves (monomial curves) that reflects the beauty of algebra, geometry and arithmetic at the same time, we can see many results in the literature. In positive characteristic case for example, it is known that all monomial curves are s.t.c.i. in the n-space (see [12] ). The question is still open in characteristic zero case, although there are some partial results showing that some monomial curves are s.t.c.i. and i.t.c.i. (see [2, 3, 4, 8, 9, 10] and [14] - [19] ).
Let K be an algebraically closed field of characteristic zero and m 1 , . . . , m n be some positive integers with gcd(m 1 , . . . , m n ) = 1. By an affine monomial curve C(m 1 , . . . , m n ) we mean a curve with generic zero (v m1 , ..., v mn ) in the affine nspace A n , over K. By a projective monomial curve C(m 1 , . . . , m n ) we mean a curve with generic zero
in the projective n-space P n , over K. Note that C(m 1 , . . . , m n ) is the projective closure of C(m 1 , . . . , m n ).
The purpose of this paper is to develop a technique to produce infinitely many examples of (set-theoretic and ideal-theoretic) complete intersection monomial curves in the affine and projective n-space. Starting with a set-theoretic (resp. idealtheoretic) complete intersection monomial curve we produce infinitely many examples of set-theoretic (resp. ideal-theoretic) complete intersection monomial curves in the affine and projective space of one dimension higher. Moreover, we can give the defining equations of the monomial curves explicitly, if we know the equations of the curve that we have started with.
In section 2, under the assumption that C(m 1 , . . . , m n ) ⊂ A n is a s.t.c.i. (resp. i.t.c.i.) of the hypersurfaces defined by g 1 = 0, ..., g n−1 = 0, we show that the affine monomial curves C(lm 1 , . . . , lm n , s 1 m 1 + ... + s n m n ) are all s.t.c.i. (resp. i.t.c.i.) of the hypersurfaces g 1 = 0, ..., g n−1 = 0 and G = x 1 s1 ... x n sn − x l n+1 = 0, for all non-negative integers s 1 , s 2 , ..., s n and l ≥ 1 such that gcd(s 1 m 1 + ... + s n m n , l) = 1. In the projective case; if C = C(m 1 , . . . , m n ) ⊂ P n is a s.t.c.i. of the hypersurfaces f 1 = 0, ..., f n−1 = 0, we prove that, for all positive integers l and s with gcd(l, s) = 1, the projective monomial curves C(lm 1 , . . . , lm n , sm n ) ⊂ P n+1 are s.t.c.i. of the hypersurfaces defined by f 1 = 0, ..., f n−2 = 0, f n−1 = 0 and F = 0, where
In Section 3, we give the equations of the surfaces on which some arithmetically Cohen-Macaulay projective monomial curves in P 3 are s.t.c.i. As an illustration of our method developed in Section 2, we give also equations of some hypersurfaces on which certain monomial curves in P 4 are s. n and obtain infinitely many s.t.c.i. monomial curves in A n+1 and P n+1 . In this section, by a similar approach we produce infinitely many new examples of affine and projective monomial curves that are set-theoretic (resp. ideal-theoretic) complete intersection. Namely, we show that C(lm 1 , . . . , lm n ,
We give the same answer to the analogue question for projective monomial curves under some certain conditions. Let s 1 , s 2 , ..., s n be some non-negative integers and l ≥ 1 such that gcd(s 1 m 1 + ... + s n m n , l) = 1. We fix the n-tuple of positive integers (m 1 , ..., m n ) in this section and denote C(lm 1 , . . . , lm n , . Then g ∈ I(C) if and only if g ∈ I(C l ), where g(x 1 , ..., x n ) = g(x 1 , ..., x l n ). Moreover, if g 1 , . .., g k is a generating set for I(C), then g 1 , ..., g k is a generating set for I(C l ).
Proof. Follows from Lemma 3.2 of [13] .
Proof. Case l = 1: We will show that I(
..+snmn ) = 0. Case l > 1 is seen by applying Lemma 2.1 to the monomial curve C 1,s1,...,sn .
From the lemma above we can see that I(C l,s1,...,sn ) is generated by the polyno-
and generators of I(C). So we observe the following:
The following theorem give us infinitely many set-theoretic complete intersection affine monomial curves.
Proof. We claim that C l,s1,...,sn = Z(I(C)) Z(G). To see this, let us take a point P ∈ C l,s1,...,sn . Then, by definition f (P ) = 0, for all f ∈ I(C l,s1,...,sn ). Since the ideals I(C) and (G) are subsets of I(C l,s1,...,sn ), clearly P ∈ Z(I(C)) Z(G). Conversely, if P ∈ Z(I(C)) Z(G) then G(P ) = 0 and g(P ) = 0 for all g ∈ I(C).
Since I(C l,s1,...,sn ) = I(C) + (G) by Lemma 2.2, it follows that f (P ) = 0 for all f ∈ I(C l,s1,...,sn ). Hence, P ∈ C l,s1,...,sn .
Projective Case:
In this section, we assume that at least one of the nonnegative numbers s 1 , ..., s n−1 is positive and s 1 + ... + s n > l unless otherwise is stated.
and L is the line x 0 = ... = x n−1 = 0.
and we have the following
.
It is easily seen from the proof of the lemma above that C l,s1,...,sn is a s.t.c.i. monomial curve if the line L can be replaced by a point on the curve C l,s1,...,sn . As a consequence of this observation we can list some theorems saying that C l,s1,...,sn is a s.t.c.i. under a suitable condition. For example, imposing a condition on the equation of a hypersurface on which the curve C is a s.t.c.i. we get the following theorem:
c.i. on the hypersurfaces
f 1 = 0, ..., f n−2 = 0, f n−1 = x dn n − x d1 1 ... x dn−1 n−1 = 0, where d n > 0 and d i > 0 for some i = 1, ..., n − 1. Then, C l,s1,...,sn ⊂ P n+1 is a s.t.
c.i. on the hypersurfaces defined by
Proof. From f n−1 (0, ..., 0, x n , x n+1 ) = 0, it follows that x n = 0. Hence line L in the intersection of the hypersurfaces f 1 = 0, ..., f n−2 = 0, f n−1 = 0, F = 0 collapses to the point (0, ..., 0, 1) ∈ P n+1 , which is on the curve C l,s1,...,sn .
Imposing a condition that forces x n to be zero on the line we obtain the following theorem: 
Proof. From H(0, ..., 0, x n , x n+1 ) = 0, it follows that x n = 0. Hence line L in the intersection of the hypersurfaces f 1 = 0, ..., f n−1 = 0, F = 0 collapses to the point (0, ..., 0, 1) ∈ P n+1 , which is on the curve C l,s1,...,sn .
From now on, we assume that (s 1 , ..., s n−1 , s n ) = (0, ..., 0, s) and s > 0.
Theorem 2.8. Let C = C(m 1 , . . . , m n ) ⊂ P n be a s.t.c.i. of the hypersurfaces f 1 = 0, ..., f n−1 = 0. Then, for all positive integers l and s with gcd(l, s) = 1, the monomial curve C l,s = C(lm 1 , . . . , lm n , sm n ) ⊂ P n+1 is a set-theoretic complete intersection of the hypersurfaces f 1 = 0, ..., f n−2 = 0, f n−1 = 0 and F = 0, where
For the converse, take a point (x 0 , ..., x n , x n+1 ) ∈ Z(f 1 , ..., f n−1 , F ) as in the proof of the Lemma 2.5. Then, f i (x 0 , ..., x n ) = 0, for all i = 1, ..., n − 1, implying that (x 0 , ...,
0 . So we obtain the point (x 0 , ..., x n , x n+1 ) = (0, ..., 0, 1) which is on the curve C l,s . When l > s, x n+1 = 0, by
0 . So we get the point (x 0 , ..., x n , x n+1 ) = (0, ..., 1, 0) which is also on the curve C l,s . If x 0 = 1 then the result follows from Theorem 2.4, since C = Z(g 1 , ..., g n−1 ), where g i (x 1 , ..., x n ) = f i (1, x 1 , ..., x n ), for all i = 1, ..., n − 1. Proof. The proof follows from Theorem 2.8 and the fact that any (ACM) monomial curve is a s.t.c.i. Example 2.10. We know that the ACM monomial curve C(1, 3, 7) ∈ P 3 is a s.t.c.i. By using Theorem 3.4 of [18] , one can show that C(l, 3l, 7l, 15l) is a s.t.c.i. monomial curve in P 4 , for any l > 0. Applying Theorem 2.8, we observe that C(l, 3l, 7l, 7s) is a s.t.c.i. monomial curve in P 4 , for any positive integers l and s with gcd(l, s) = 1.
Example 2.11. We can apply Theorem 2.8 to non-ACM monomial curves as well. Consider for example the Macaulay's curve C(1, 3, 4) in P 3 whose ideal is generated by the following four polynomials:
It is still an open question to decide whether C (1, 3, 4) is a s.t.c.i. But if one can show that it is indeed a s.t.c.i., then Theorem 2.8 will imply that monomial curves C s = C(1, 3, 4, 4s) are s.t.c.i. too. Showing that C s is a s.t.c.i. in this way will be easier, since the ideal of C s is generated by six polynomials:
S.T.C.I. monomial curves in P n : By using Theorem 3.4 of [18] , one can see that the monomial curve C(l, 2l, ..., (n − 1)l, nl) is a s.t.c.i. in P n , for any l > 0, since the rational normal curve C (1, 2, . .., n − 1) ⊂ P n−1 is set-theoretic complete intersection. These are the only monomial curves in P n known to be set-theoretic complete intersections. As an application of Theorem 2.8, we can produce infinitely many other examples of set-theoretic complete intersection monomial curves in P n .
Corollary 2.12. For all positive integers l and s with gcd(l, s) = 1, the monomial curve C(l, 2l, ..., (n − 1)l, (n − 1)s) ⊂ P n is a s.t.c.i.
Proof. Applying Theorem 2.8 to the rational normal curve C (1, 2, . .., n − 1) ⊂ P n−1 which is s.t.c.i. monomial curve, gives the result.
The following proposition gives us infinitely many ideal-theoretic complete intersection monomial curves in P 3 .
Proposition 2.13. Let C be the monomial curve C(p, q) ⊂ P 2 , where q > p, then C l,s = C(lp, lq, sq) is an i.t.c.i. curve in P 3 , for all positive integers l and s with gcd(l, s) = 1.
Proof. Clearly I(C)
Hence the only thing to be shown is that A is a Groebner basis of I(C l,s ). To see this we note first that in(x q − y p ) = x q and in(y s − z l ) is either y s or z l . Clearly gcd(x q , y s ) = 1, and gcd(x q , z l ) = 1. Thus S-Polynomials reduce to zero modulo A in any case, which means that A is a Groebner basis. So, a minimal set of generators of I(C l,s ) is obtained by homogenizing the corresponding equations in the Groebner basis.
Example 2.14. Since, I(C(1, 2)) = x 2 − wy it follows from Proposition 2.13 that the monomial curve C(1, 2, 4) ⊂ P 3 is an ideal-theoretic complete intersection of the following two binomial surfaces:
, for any l > s > 0 and n > 3.
Proof. If C is an i.t.c.i. of the hypersurfaces f 1 = 0, ..., f n−1 = 0, then we claim that C l,s is an i.t.c.i. of the hypersurfaces given by f 1 = 0, ..., f n−1 = 0 and (g 1 , . .., g n−1 ) and the set {g 1 , ..., g n−1 } is a Groebner basis of I(C), where g i (x 1 , ..., x n ) = f i (1, x 1 , . .., x n ) for all i = 1, ..., n−1.
, it follows that gcd(g i , G) = 1. Hence {g 1 , ..., g n−1 , G} is a Groebner basis. Since f 1 , ..., f n−1 and F are homogenization of g 1 , ..., g n−1 and G, the result follows.
Example 2.16. From Proposition 2.13, we know that the monomial curve C (1, 2, 4) is an ideal-theoretic complete intersection of the following two binomial surfaces:
Thus, C(l, 2l, 4l, 4s) is an ideal-theoretic complete intersection of the following binomial threefolds:
3. Equations of Some S.T.C.I. Monomial Curves in P n In this section we will give explicitly the equations of the hypersurfaces on which some projective monomial curves are set-theoretic complete intersection.
Equations of Symmetric ACM Monomial Curves in P
3 . In this section, we will classify all symmetric arithmetically Cohen-Macaulay (ACM) monomial curves in P 3 and show that they are s.t.c.i. by a simple method. We also give explicitly the equations of the surfaces involved.
Let p < q < r be some positive integers. A projective monomial curve C(p, q, r) in P 3 is given parametrically by
Definition 3.1. A monomial curve C(p, q, r) ⊂ P 3 is called Arithmetically CohenMacaulay (ACM) if its projective coordinate ring is Cohen-Macaulay.
In [19] , it is shown that all Arithmetically Cohen-Macaulay monomial curves in P 3 are set-theoretic complete intersection of two surfaces, but the equations of the surfaces involved are not given explicitly. By a different and rather easy method, Keum shows that the following family of monomial curves are s.t.c.i. He gives also the equations of the corresponding surfaces: (−1) (−1) 
It follows from [5] that the defining ideal of a symmetric monomial curve is generated minimally by the following polynomials f = xy − wz and
No one knows whether or not symmetric monomial curves are s.t.c.i. in general. The difficulty with these curves is that their defining ideal needs q −p+2 generators and to show that they are s.t.c.i. one needs to see whether 2 polynomials are enough to generate the ideal up to radical. For examples of this sort in the affine n-space, see [1, 6] .
We also know from [5] that a monomial curve in P 3 is ACM if and only if its ideal is generated by at most 3 polynomials. If C is an ideal theoretic complete intersection it follows that p = q. So, all ACM symmetric i.t.c.i. monomial curves are of the form C q = C(q, q, 2q) = C(1, 1, 2) and their ideal is generated by f = xy − wz and g = y − x. If C is not an i.t.c.i. it follows that p = q − 1. Thus, all symmetric ACM s.t.c.i. monomial curves are of the form C q = C(q − 1, q, 2q − 1) and their defining ideal is generated by the following three polynomials: 
Proof. Note first that zG = f q + x q g. Take a point (w, x, y, z) from Z(f, g, h). Then, by zG = f q + x q g we see that either G(w, x, y, z) = 0 or z = 0.
If G(w, x, y, z) = 0 then (w, x, y, z) ∈ Z(g, G). If z = 0 then by g(w, x, y, z) = 0 we get y = 0, by h(w, x, y, z) = 0 we get x = 0. Thus (w, x, y, z) = (1, 0, 0, 0) which is in Z(g, G).
Let us now take a point (w, x, y, z) ∈ Z(g, G). Then either z = 0 or we can assume z = 1. If z = 0 then by g(w, x, y, z) = 0 we get y = 0, and by G(w, x, y, z) = 0 we obtain x = 0 in this case. Thus (w, x, y, z) = (1, 0, 0, 0) which is in Z (f, g, h) . On the other hand, if z = 1 then by G = f q + x q g we see that f (w, x, y, z) = 0. Moreover, we have xy = w and x q−1 = y q in this case. Hence we obtain the following x q = xx q−1 = xy q = xyy q−1 = wy q−1 , meaning that h(w, x, y, z) = 0.
3.2.
Equations of Some Monomial Curves in P 4 .
Example 3.6. For any q ≥ 2, let C q be the (ACM) curve C(q − 1, q, 2q − 1) in P 3 . By Theorem 3.5 we know that C q is a s.t.c.i. of g = x q−1 z − y q = 0 and
Consider now, for any l and s with gcd(l, s) = 1, the projective monomial curve C l,s = C(l(q − 1), lq, l(2q − 1), s(2q − 1)) in P 4 defined by w = u 
